The heavy-quark mass and wave function renormalizations, energy shift, and radiative corrections to two important couplings, the so-called kinetic couplings, in nonrelativistic lattice QCD are determined to leading order in tadpole-improved perturbation theory. The scales at which to evaluate the running QCD coupling for these quantities, except the wave function renormalization, are obtained using the Lepage-Mackenzie prescription. When the bare quark mass is greater than the inverse lattice spacing, the kinetic coupling corrections are roughly 10% of the tree-level coupling strengths; these corrections grow quickly as the bare quark mass becomes small. A need for computing the two-loop corrections to the energy shift and mass renormalization is demonstrated. PACS number(s): 12.38. Gc, 11.15.Ha, 12.38.Bx 
I. INTRODUCTION
Nonrelativistic lattice QCD (NRQCD) is an effective field theory formulated to reproduce the action of continuum QCD at low energies [1, 2] . The NRQCD Lagrangian includes interactions which systematically correct for relativity and finite-lattice-spacing errors. To complete the formulation of NRQCD, the coupling strengths of its interactions must be determined. One possibility is to treat the couplings as adjustable parameters and tune them to fit certain experimental data; however, this tuning significantly reduces the predictive power of NRQCD simulations and is very costly and difficult. A better alternative is to compute the couplings in terms of the fundamental QCD coupling α s = g 2 /(4π) and the bare heavy-quark mass M using perturbation theory. This is done by evaluating various scattering amplitudes in both QCD and lattice NRQCD and adjusting the couplings until these amplitudes agree at low energies. Since the role of these couplings is to compensate for neglected low-energy effects from highly-ultraviolet QCD processes, one expects that they may be computed to a good approximation using perturbation theory, provided that aΛ QCD is small, where a is the lattice spacing and Λ QCD is the QCD scale parameter.
In this paper, the heavy-quark propagator in NRQCD is calculated to leading order in tadpole-improved perturbation theory and the on-mass-shell dispersion relation for the heavy quark is obtained. The mass renormalization, a shift in the zero point of energy, and the radiative corrections to the couplings of two important NRQCD interactions are determined by matching this dispersion relation to that of continuum QCD to O(v 4 ), where v is the expectation value of the heavy-quark velocity in a typical heavy-quark hadron.
The wave function renormalization is extracted from the on-shell residue of the perturbative propagator. These parameters are needed for high-precision numerical simulations of quarkonium and heavy-light mesons. Results are obtained using the standard Wilson action and a tree-level O(a 2 )-improved action for the gluons, and using two versions of the NRQCD action: one containing all O(v 2 ) spin-independent and all O(v 4 ) spin-dependent corrections to the leading kinetic term with tree-level removal of cutoff errors, the other including only O(v 2 ) corrections with no tree-level removal of lattice-spacing errors.
In addition, the scales at which to evaluate the running coupling for these quantities, except the wave function renormalization, are obtained for the first time using the LepageMackenzie prescription. Choosing a value for aΛ QCD from recent simulation measurements of the QCD coupling, numerical estimates of the energy shift, mass renormalization, and the radiative corrections to the two so-called kinetic couplings are also obtained. When aM > 1, where M is the bare quark mass, the radiative corrections to the kinetic couplings are roughly 10% of the tree-level coupling strengths; these corrections grow quickly as aM becomes small. A range of estimates for the energy shift and mass renormalization are obtained after circumventing certain defects in the Lepage-Mackenzie prescription for setting the scale. The mass renormalization is small for aM > 3 and becomes large as aM decreases below this. Problems in reliably setting the scale result in large uncertainties in determining the energy shift and mass renormalization for small aM. These uncertainties underscore the need to compute the two-loop corrections to these renormalization parameters.
This work is partly an extension of previous calculations [3, 4] and is being carried out in conjunction with ongoing simulations as part of the NRQCD collaboration [5, 6] .
The heavy-quark propagator in lattice NRQCD is briefly described in Sec. II. The energy shift, mass and wave function renormalizations, and the kinetic coupling corrections are defined and their calculation is outlined in Sec. III. The determination of the LepageMackenzie scales is also described in this section. Results of these calculations are presented in Sec. IV. A final summary and suggestions for future work are given in Sec. V.
II. QUARK PROPAGATOR IN LATTICE NRQCD
The heavy-quark propagator G(x) = a 3 ψ(x)ψ † (0) in lattice NRQCD may be defined such that it satisfies an evolution equation given by [7] G(x+aê 4 ) = u
where a is the lattice spacing, n is a positive integer [1] , ψ(x) is the heavy-quark field,
is the link variable representing the gauge field along the link between sites x and x+aê µ with (ê µ ) α = δ µα , and u 0 is a mean-field parameter [8] defined in terms of the average plaquette. The nonrelativistic kinetic energy operator H 0 is given by
and the relativistic and finite-lattice-spacing corrections are included with coupling strengths
where
The covariant, tadpole-improved difference operators are defined by
and E and B are the cloverleaf, mean-field-improved chromoelectric and chromomagnetic fields, respectively [9] . Tree-level removal of the leading cutoff errors in these operators [2] produces the operators∆ (±) ,∆ (2) ,Ẽ, andB. The components of σ are the standard Pauli spin matrices. The parameter n eliminates doublers and stabilizes the evolution of the quark Green's function when n > ∼ 3/(Ma).
The coupling coefficients c j are functions of g and aM and are determined by matching low-energy scattering amplitudes in lattice NRQCD with those from continuum QCD, orderby-order in perturbation theory. At tree level, the values of these couplings are unity [2] . The O(α s ) matching determines the radiative corrections to the c j couplings and may possibly require the introduction of additional O(a 2 )-suppressed interactions.
The operators V 1 and V 2 , although appropriately gauged, will be referred to here as kinetic operators because they affect the energy of the free quark in the absence of the gluon fields. Their associated couplings c 1 and c 2 will be called kinetic couplings.
III. KINETIC COUPLINGS AND RENORMALIZATIONS
The kinetic couplings c 1 and c 2 , the energy shift, and the heavy-quark mass and wave function renormalizations may be determined by studying the heavy-quark propagator in perturbation theory. An important consideration in the perturbative study of this propagator is the choice of expansion parameter. Lepage and Mackenzie have advocated a renormalized running QCD coupling defined in terms of the short-distance static-quark potential and evaluated at a prescribed mass scale. Their coupling shall be adopted here.
In this section, Eq. 1 is solved perturbatively to O(α s ). The dispersion relation obtained from this solution is then matched to that of continuum QCD to O(v 4 ) to determine the heavy-quark mass renormalization, the shift in the zero point of energy, and the radiative corrections to c 1 and c 2 . The wave function renormalization is then obtained from the on-shell residue of the perturbative propagator. Lastly, a brief description of the LepageMackenzie coupling α V (q * ) is presented and their procedure of setting the scale q * is applied to the renormalization parameters and kinetic couplings.
A. Heavy-quark self-energy
The heavy-quark self-energy Σ(p) is defined by writing the full inverse quark propagator
where i, j are color indices, α, β are spin indices, p = (p, p 4 ) is a four-momentum in Euclidean space, and Q(p) is the zeroth-order heavy-quark propagator in momentum space given by:
with κ n (p) = 3 j=1 sin n (p j a/2). At leading order in perturbation theory, this self-energy is given by:
where Σ (A) (p) denotes the contribution from the quark-gluon loop diagram shown in 
The self-energy Σ(p) is invariant under interchange of any two spatial momentum components p i ↔ p j and under spatial momentum reflections p j → −p j , and transforms into its complex conjugate under p 4 → −p * 4 . From these properties, the small-p representation of the self-energy may be written:
where w = −ip 4 a. When w is small, the functions f m (w) are represented well by their power
The moments Ω (l) m are obtained from integrals of the form
where q is the momentum of the gluon in the loop diagrams shown in Fig integrations are transformed into contour integrals along the |z| = 1 unit circle which can be evaluated by the residue theory. The remaining integrals over the spatial components of q are then approximated numerically by discrete sums using aq j = 2πn j /N, where the n j take all integer values satisfying −N/2 < n j ≤ N/2 for integral N. The error made in this approximation diminishes exponentially fast as N → ∞, but the rate of decay is proportional to λ. Convergence in N can be dramatically improved by making the following change in the variables: q j → q j − α sin q j , where α = sechu and u satisfies aλ = u − tanhu.
Extrapolation of the results to zero gluon mass is accomplished using a least-squares fit to the form:
Calculations are performed in the Feynman gauge.
The contributions from Σ C (p) to the f m (w) functions appearing in Eq. 21 can be exactly determined. One finds
Contributions to the moments Ω (l) m from the c 1 , c 2 , and mean-field improvement counterterms in Σ (C) (p) are then easily determined from the power series expansions of these functions.
B. Matching
From the heavy-quark propagator computed to O(α s ) in perturbation theory, one finds that the on-mass-shell quark satisfies a dispersion relation given to order v 4 by
where ω 0 (p) is the value of w = −ip 4 a at which the inverse propagator vanishes, M r is the renormalized mass given by
1 ), and
Note that the rest mass M r has been removed from the heavy-quark energy in Eq. 27.
The order α s corrections to the heavy-quark propagator in QCD only renormalize the quark field and mass to order v 4 so that the dispersion relation for the quark in continuum QCD is given by
If lattice NRQCD is to reproduce the low-energy physical predictions of full QCD, then 
1 and c
2 , and definingp 4 = p 4 + iα s W 0 /a, the inverse propagator for small v may then be written:
is the wave function renormalization.
A more convenient set of renormalization parameters may be obtained by defininḡ
2 )/(3π) is the infrared-divergent portion of the wave function renormalization. The parameters A, B, and C can then be calculated using
In order to obtain numerical values for the renormalization parameters and the kinetic couplings, one must determine the value of the renormalized QCD coupling α s . This can be done only after a definition of the running coupling and a procedure for determining the relevant mass scale are specified.
A renormalization scheme, due to Lepage and Mackenzie [8] , which defines the coupling such that the short-distance static-quark potential has no α 2 s or higher-order corrections is particularly attractive. By absorbing higher-order contributions to the static-quark potential into the coupling, it is hoped that higher-order contributions to other physical quantities in terms of this coupling will then be small. In this scheme, the running coupling α V (q) is defined by
for large q, where C F = 4/3 is the quark's color Casimir and V (q) is the static-quark potential at momentum transfer q. For sufficiently large q, this coupling runs according to the usual two-loop relation
and N F is the number of dynamical quark flavors at mass scale q.
Lepage and Mackenzie have also devised a simple procedure for determining the scale q * at which to evaluate the coupling α V (q * ) for a given one-loop process [8] . For a one-loop perturbative contribution of the form
where q is the momentum of the exchanged gluon, they suggest
Clearly, difficulties with this definition will arise when d 4 q ξ(q) ∼ 0. Also note that the mean value theorem guarantees that q * will satisfy 0 ≤ aq * ≤ 2π only if ξ(q) ≥ 0 for all q throughout the region of integration −π ≤ aq µ ≤ π (or ξ(q) ≤ 0 for all such q).
To evaluate the scales q * A , q * B , q * c
, and q * c 
1 , and c
2 , respectively, integrals of the form This introduces a small error in the determination of the scale, but enables an analytical treatment of the integration over the temporal component of q. Singularities in the integrands make such a treatment crucial to reliably and efficiently evaluating these integrals.
The remaining integrations over the spatial components of q are then approximated numerically by discrete sums, as described previously in Sec. III A, and the λ → 0 limits are finally taken.
IV. RESULTS AND DISCUSSION
Results for A, B, C, c
2 and the scales q *
are presented in this section.
Since the wave function renormalization is not a gauge-invariant quantity, the scale corresponding to C will not be considered here. Choosing a value for aΛ V from recent simulation measurements of α V , numerical estimates of the energy shift, mass renormalization, and the radiative corrections to the kinetic couplings are also obtained.
A. Perturbative coefficients
Values for A, B, C, c
1 , and c Contributions to these parameters from the tadpole-improvement counterterm are given by
The mean-field correction is u interactions, results for B after tadpole improvement using both versions δH (2) and δH and δH (2) is presented in Fig. 7 .
Before tadpole improvement, these parameters are all very large, especially as aM decreases. Tadpole contributions dominate and contain power-law divergences which grow as aM becomes small. Since high-momentum modes are more strongly damped in the improved gluon propagator, the ultraviolet-divergent tadpole terms, and hence the couplings and renormalization parameters before tadpole improvement, are smaller in the case of the improved gluon action.
Mean-field improvement greatly reduces the magnitudes of all of these coefficients. For aM > 5, A is almost independent of aM after tadpole improvement, with values near unity;
as aM decreases below 5, A also decreases, eventually changing in sign. After tadpole improvement, B has a small negative value at large aM; as aM decreases, B increases, becoming positive, reaches a maximum near aM ∼ 1, then rapidly decreases, eventually falling below zero again. The kinetic coupling coefficients c
2 vary slowly for aM > ∼ 3/2, then rise sharply as aM decreases below this. C also varies slowly, remaining a small correction, for aM > ∼ 3/2 after mean-field improvement. As aM decreases below unity, however, C begins to grow quickly in magnitude. For large aM, these tadpole-improved parameters are only slightly sensitive to the value of n, the spin-dependent interactions, the cutoff improvement of the gluon action, and the O(v 4 ) relativity corrections of NRQCD (see Fig. 6 ). As aM decreases, however, sensitivity to these factors grows. The kinetic couplings are generally more sensitive to these effects than are the renormalization parameters A, B, and C. The mass renormalization parameter B is also very sensitive to the leading kinetic interactions V 1 and V 2 .
B. Scale determinations
The scales before tadpole improvement (u 2 are nearly zero. As these zeros are approached from below, the scales tend asymptotically to infinity; approached from above, the scales tend to zero. This dramatic behavior is an inevitable consequence of using Eq. 40 to define the scale and does not stem from any physical effect; whenever any perturbative coefficient nears zero, similar pathological behavior will be observed in the corresponding scale. Such points at which the scales tend to zero on one side and asymptotically to infinity on the other shall be referred to here as defects.
For aM > 3, the scale q * A is almost independent of aM with values near 0.8/a after mean-field improvement, revealing a significant reduction from the tadpole removal. As aM decreases below 3, q * A falls, becoming small as the zero in A near aM ∼ 0.6 is approached. For aM below this zero, q * A assumes large defective values which cannot be shown in Fig. 10 . The mass renormalization scale q * B becomes small as the zero in B near aM ∼ 0.5 is approached from above and the zero near aM ∼ 5 is approached from below; it becomes infinitely large as one approaches these zeros from the opposite directions. Between these defects, q * B attains a maximum value of only about 0.6/a, and as aM becomes large, q * B tends to a value near 2/a; both of these facts indicate a substantial lowering of q * B from tadpole improvement.
For aM > 3, the scale q * c
is significantly smaller after mean-field improvement and varies little; as aM decreases below 3, q * c displays behavior similar to that of q * c
, except that q * c 
C. Size of the corrections
In addition to the perturbative coefficients A, B, c
2 , and their associated scales, the QCD scale parameter aΛ V must be known before numerical estimates of the first-order
, and the radiative corrections δc 1 = c
) and δc 2 = c is not reliably known for q below and near Λ V . Imposing minimum and maximum scales also does not work since this produces large, unphysical discontinuities in aE 0 and Z m − 1 on crossing the defects. The q * prescription of Eq. 40 fails near the defects and it would seem that one must resort to guessing the appropriate scale. One suggestion for doing this is to inspect the scale plots and somehow smooth out the scales across the defects. However chosen, denote this guessed scale byq to distinguish it from the Lepage-Mackenzie scale q * . Estimates of aE 0 and Z m − 1 can then be obtained by replacing α V (q * ) by α V (q). A better procedure, however, is to replace α V (q * ) by its expansion in terms of the coupling renormalized atq, namely,
This incorporates information contained in q * , yet yields results which are continuous across the defects.
A range of estimates for the energy shift aE 0 and mass renormalization Z m − 1 using
Eq. 48 are presented in As aM decreases below this, however, Z m −1 grows quickly and continues to grow even after B has fallen to below zero. As aM becomes small, estimates of the mass renormalization become very large and the sensitivity of these estimates toq B becomes pronounced. Both of these facts and the sensitivity of the energy shift toq A for small aM underscore the need to compute the two-loop corrections to Z m − 1 and aE 0 .
V. CONCLUSION
The heavy-quark propagator in NRQCD was calculated to O(α s ) in tadpole-improved perturbation theory. The mass renormalization, shift in the zero point of energy, and the radiative corrections to the two kinetic couplings c 1 and c 2 were determined by matching the on-mass-shell dispersion relation for the heavy quark obtained from the NRQCD quark propagator to that of continuum QCD to O(v 4 ). In addition, the scales at which to evaluate the running coupling for these quantities were obtained for the first time using the LepageMackenzie prescription. Defects in these scales were found. The wave function renormalization was extracted from the on-shell residue of the perturbative propagator. Results were obtained using two different gluon actions S (W ) G and S
(I)
G and two versions of NRQCD, δH (2) and δH (4) , differing only in the order of the relativity and finite-lattice-spacing corrections retained.
Using a typical value for aΛ QCD from recent simulation measurements of α s , numerical estimates of the energy shift, mass renormalization, and the radiative corrections to c 1 and c 2 were also obtained. The radiative corrections to the kinetic couplings were found to be small for aM > 1, being roughly 10% of the tree-level coupling strengths, and to grow quickly as aM decreased below unity. Problems in reliably setting the scale complicated the determinations of the energy shift and mass renormalization for some values of aM. A simple modification of the running coupling was necessary to obtain a range of estimates for these parameters near these aM values. The mass renormalization was found to be small [11] Results for both δH (2) and δH and δH (2) . The dot-dashed curve is A, the solid curve shows B, the dashed curve is c
1 , and the dotted curve indicates c
2 . For aM > 3, the stability parameter n is set to unity; for 1.5 < aM < 3, n = 2 is used; for 1 < aM < 1.5, n = 3 is used; and for 0.5 < aM < 1, n = 6 is used. 
2 before tadpole improvement (u 0 = 1) against 1/aM using S (W ) G and δH (2) . The dot-dashed curve is A, the solid curve shows B, the dashed curve is c
2 . The stability parameter n is set to unity. against the product of the bare heavy-quark mass M and the lattice spacing a using S (W ) G and δH (2) . The dot-dashed curve is A, the solid curve is B, the dashed curve is c
2 . The stability parameter n assumes the same values as used in Fig. 2 . 
2 after tadpole improvement (u 0 = 1−α s π/3) against 1/aM using S (W ) G and δH (2) . The dot-dashed curve is A, the solid curve is B, the dashed curve is c
2 . The stability parameter n is set to unity. G and δH (2) are shown as a dot-dashed curve. The dashed curve indicates the results obtained using the simple gluon action S (W ) G with δH (4) , while the dotted curve shows the results using S (W ) G with δH (2) .
The stability parameter n assumes the same values as used in Fig. 2 . and δH (2) . The dashed curve is δc 1 = c
) and the dotted curve indicates 
